In this paper, we study a hybrid scheduling mechanism in discrete-time. This mechanism combines the well-known Generalized Processor Sharing (GPS) scheduling with strict priority. We assume three customer classes with one class having strict priority over the other classes, whereby each customer requires a single slot of service. The latter share the remaining bandwith according to GPS. This kind of scheduling is used in practice for the scheduling of jobs on a processor and in Quality of Service modules of telecommunication network devices. First, we derive a functional equation of the joint probability generating function of the queue contents. To explicitly solve the functional equation, we introduce a power series in the weight parameter of GPS. Subsequently, an iterative procedure is presented to calculate consecutive coefficients of the power series. Lastly, the approximation resulting from a truncation of the power series is verified with simulation results. We also propose rational approximations. We argue that the approximation performs well and is extremely suited to study these systems and their sensitivity in their parameters (scheduling weights, arrival rates, loads ...). This method provides a fast way to observe the behaviour of such type of systems avoiding time-consuming simulations.
Introduction
Numerous queueing systems in practice, have a high-priority bypass possibility. In this paper we study the influence of these high priority customers on a generalized processor sharing (GPS) queue. For instance, the processor of a computer system is shared by several jobs, whereby each class of jobs gets a time-share according to the weight of its class. However, the processor can also be interrupted, for hardware I/O for instance (i.e., the user pushes a key, requested data from the harddisk becomes available ...), these are in fact short high-priority jobs, bypassing the normal scheduling mechanism. An example from telecommunications is DiffServ [9] . DiffServ is short for Differentiated Services and is an architecture designed to deliver a different Quality of Service (QoS) grade to various services in telecommunication networks. It defines an Expedited Forwarding (EF) class of packets next to the Assured Forwarding (AF) class. EF packets have essentially high priority and are thus given strict priority over all other packets. The AF class of packets is divided into subclasses, and the scheduling amongst the subclasses is a GPS-based scheduling.
Cisco implemented this kind of scheduling mechanism in some of its gigabit switch routers. The brand names used are IP Realtime Transport Protocol (RTP) Priority and Low Latency Queueing (LLQ); both are based on a mixture of GPS-like scheduling with priority bypassing. They differ in the type of traffic they support, i.e., UDP vs TCP.
As a result of its practical application, this model also attracted attention from the research community, where it is frequently referred to as PQ-GPS. Jin et al. [4, 5] studied PQ-GPS under long-range dependent traffic by using a flow decomposition approach dividing the system into single-server single-queue (SSSQ) systems. They obtain analytical upper and lower bounds. Parveen [12] used the same SSSQ approach to study a system containing both long-range and short-range dependent traffic. After the single queue decomposition he however uses another technique resulting in a single approximation, as opposed to an upper and lower bound. Lastly, we mention Wang et al. [20] who studied a finite hybrid queueing model using PQ and Weighted Fair Queueing (WFQ). As WFQ is known to be a good approximation for GPS, it is also of interest here. Drawing up a Markov chain for the system and solving it for the steady-state probability, they conclude with a sensitivity analysis for the parameters of the system.
Next to studying hybrid scheduling models, most of the attention has gone to both individual models, i.e., either priority queueing or generalized processor sharing models. Priority queueing was, for instance, studied in [3, 6, 13, 15, 18, 19] . Whereas, GPS was analyzed in [7, 8, 10, 11, 17, 21] .
In this paper, we analyze a hybrid priority-GPS scheduling algorithm. We construct a functional equation for the probability generating function (pgf) of the queue contents in steady state. Subsequently, we develop an iterative procedure to calculate the coefficients of the power series of this pgf, whereby the power series is constructed in the GPS-weight. Due to practical restrictions, we use the truncated power series to construct approximations. Lastly, we evaluate the approximations using simulation results.
